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Abstract
The embedding of a p-brane into higher dimensional spacetime
breaks not only translational symmetries transverse to the worldvol-
ume, but also Lorentz symmetries. There exist formulations for p-
brane actions which associate Goldstone bosons with the generators of
the broken Lorentz symmetries. These Goldstone bosons are unphysi-
cal, in that they can be eliminated in favour of other Goldstone bosons
either via their equations of motion or via the imposition of an inverse
Higgs constraint. In this paper, we examine the inter-relationship be-
tween the coset parameterization necessary to implement the inverse
Higgs constraint, the equivalence of the inverse Higgs constraint to
equations of motion, and the ability to find versions of the action with
no explicit dependence on the unphysical Goldstone bosons. This is
evidence that the unphysical Goldstone bosons are gauge degrees of
freedom associated with an enlarged isotropy group. In addition to
p-brane actions, a number of other cases, including conformally in-
variant dilaton actions, are shown to exhibit the same structure.
1mcarthur@physics.uwa.edu.au
1 Introduction
Introduced by Ivanov and Ogievetsky [1], the term “inverse Higgs effect”
refers to the process whereby a subset of the Goldstone bosons or gauge
fields in a theory with nonlinearly realized symmetries can sometimes be
eliminated algebraically in favour of the remainder by setting to zero a subset
of the Cartan forms.
Here, we focus on the inverse Higgs effect as applied to Goldstone bosons
associated with nonlinearly realized symmetries, and consider a large class
of examples in which certain of the Goldstone bosons are unphysical, in the
sense that they can be eliminated algebraically in favour of other Goldstone
bosons. We argue that this is because they are gauge degrees of freedom.
More specifically, the unphysical Goldstone bosons are degrees of freedom
associated with an enlarged isotropy group for the coset space related to the
nonlinearly realized symmetries.
The formulation of quantum field theories with nonlinearly realized sym-
metries was put on a systematic mathematical footing by Callan, Coleman,
Wess and Zumino [2, 3, 4], and was extended to include spacetime symme-
tries by Volkov [5] (see also Ogievetsky [6]). The general structure is that a
group G of symmetries (that may include spacetime symmetries) is broken
to a subgroup H (which includes the Lorentz group in the case of theories
with nonlinearly realized spacetime symmetries). Denoting the generators of
H by {Ta} and the remaining generators of G by {TI}, we assume that the
TI provide a (possibly reducible) representation for the subgroup H under
the adjoint action,
[Ta, Tb] = i fab
c Tc , [Ta, TI ] = i faI
J TJ .
No further assumptions about G are made at this stage.
We review the basic elements of the theory of nonlinear realizations to
establish notation. The homogeneous space G/H is the set of left cosets in G
under the equivalence relation g ∼ gh for h ∈ H, and is usually parameterized
locally by a “slice” through G of the form
g(ξ) = eiξ
ITI .
The left action of G on G/H is realized via
g g(ξ) = g(ξ′) h(g, ξ),
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where the compensating transformation by h(g, ξ) ∈ H is in general necessary
as g g(ξ) does not necessarily lie on the chosen slice through G. The subgroup
H is realized linearly on the ξI . Of crucial importance are the Cartan forms
EI ,Φa defined via the Cartan differential
g(ξ)−1dg(ξ) = i(EI TI + Φ
aTa),
which is invariant under the global left action of G on G/H. In field theo-
ries in which a global symmetry group G is broken to a subgroup H, the ξI
are Goldstone fields. Under the local right action g(ξ) → g(ξ) h by H (i.e.
h ∈ H spacetime dependent), the components EI of the Cartan form trans-
form covariantly and provide a vielbein on G/H, whereas the components
Φa provide a H-connection on G/H.
As originally formulated [1], the inverse Higgs effect applies in cases where
there are both broken and unbroken spacetime symmetries [5, 6]. The sym-
metry groups G of interest have generators Pµ of unbroken spacetime trans-
lations, generators Ti′ of broken symmetries (including broken spatial trans-
lations) associated with physical Goldstone bosons, further “broken” gener-
ators Tα associated with nonphysical Goldstone bosons (in the sense that
they can be eliminated in favour of physical Goldstone bosons via the in-
verse Higgs effect), and generators Ta of the unbroken symmetry group H.
The coset G/H is parameterized in the form
g = ei(x
µPµ+ξi
′
Ti′ ) eiξ
αTα, (1)
where the Goldstone fields ξi
′
and ξα are functions of the spacetime coor-
dinates xµ. A necessary condition for implementation of the inverse Higgs
effect is that there are nonvanishing structure constants fµα
i′, as in this case,
the Cartan forms Ei
′
have the form
Ei
′
= dξi
′
+ ξαdxµfαµ
i′ + · · · = dxµ (∂µξi′ + ξαfαµi′ + · · ·),
which allows the ξα to be eliminated algebraically in terms of derivatives of
the ξi
′
via the imposition of the inverse Higgs constraint Ei
′
= 0.
Inverse Higgs constraints have been used in the construction of four
general classes of action: (i) Green-Schwarz actions in for p-branes em-
bedded into D-dimensional Minkowski spacetime [7, 8, 9, 10, 11, 12, 13]
and in flat superspace [11, 14]; (ii) conformally invariant dilaton actions
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[15, 16, 17, 18, 19], and the closely related actions for p-branes embedded
in AdSp+2 space [20, 21, 22, 23, 24]; (iii) AdSd-branes embedded in AdSd+1
[25]; and (iv) actions with partially broken global supersymmetry (PBGS)
[7, 10, 26, 27, 29, 30].
Except for the case of PBGS, all of these examples have additional com-
mon structure, and it is the purpose of this paper to elucidate this structure.
The first additional element is that the implementation of the inverse Higgs
constraint is critically dependent on the explicit parameterization (25) of
the coset G/H. The second is that elimination of the unphysical Goldstone
bosons via their equations of motion yield actions which are the same as those
obtained via the implementation of the inverse Higgs constraint (as already
observed by many authors). The final feature is that the actions obtained
by elimination of the unphysical Goldstone bosons can be expressed via the
Cartan forms in a manner whereby dependence on the unphysical Goldstone
bosons drops out explicitly without any need to eliminate them via an in-
verse Higgs constraint or equations of motion. The aim of this paper is to
provide an interpretation of all three of these characteristics in terms of the
fact that the “broken” generators associated with the unphysical Goldstone
bosons can be appended to the generators of the original isotropy group to
form an enlarged isotropy group, thus showing that the corresponding Gold-
stone bosons are related to gauge degrees of freedom, which is why they are
unphysical. The analysis in this paper does not apply to the case of actions
with PBGS - these correspond to brane actions with worldvolume spinor de-
grees of freedom in addition to bosonic worldvolume degrees of freedom. The
reason PBGS actions cannot be treated is that there is no known systematic
procedure to construct them from Cartan forms, as discussed in [28, 29, 30].
There has been some prior work in these directions. The fact that im-
posing an inverse Higgs constraint yields the same action as elimination of a
Goldstone boson by its equations of motion has been noted by many authors,
including many of those referenced in cases (i) to (iv) above. In relation to
enlargement of the isotropy group, Ivanov [24] examined a mapping between
dilaton actions in p + 1 dimensional Minkowski space and p-brane actions
in AdS space [22] via the use of surfaces in an extended conformal space.
He points out that a way to restrict functions on this extended conformal
space to appropriate subspaces is to require invariance under right shifts of
the coset elements by an enlarged isotropy group including the generators
associated with unphysical Goldstone bosons (see Section 4 of [24]). Bellucci
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and Krivonos [31], in the context of applying the techniques of nonlinear re-
alizations to construct N = 4 superfields in one spacetime dimension, point
out that setting some of the bosonic Goldstone fields to zero can enlarge the
isotropy group by the corresponding generators (see section 3.4 of [31]). In
the case of actions for AdSd branes propagating in AdSd+1, Clark et al [25]
have noted the existence of a Nambu-like version of the action in which the
full symmetry of the action is manifest without the need to invoke the inverse
Higgs effect.
The outline of the paper is as follows. In section 2, simple examples
in which unphysical Goldstone bosons are a feature of the construction of
actions are examined. In all of these examples, elimination of the unphysical
Goldstone bosons via their equations of motion is equivalent to the imposition
of an inverse Higgs constraint. It is also the case that in all of these examples,
there is a version of the action in which there is no explicit dependence
on the unphysical Goldstone bosons, consistent with their interpretation as
gauge degrees of freedom. Section 3 contains a general discussion of the
relationship between coset parameterization and the ability to consistently
impose an inverse Higgs constraint. The issue of equivalence between inverse
Higgs constraints and equations of motion for unphysical Goldstone bosons
is addressed in section 4. Section 5 contains an analysis of dilaton actions for
nonlinearly realized conformal symmetries in arbitrary spacetime dimensions
- this requires special treatment as it does not fit with the general structure
common to the other examples dealt with in this paper.
2 Prototypical examples
In this section, a number of simple examples of systems with nonlinearly
realized spacetime symmetries are provided in which actions do not contain
derivatives of certain Goldstone bosons. These Goldstone bosons are there-
fore unphysical as they can be eliminated algebraically via their equations of
motion. In each case, these equations of motion are equivalent to the impo-
sition of an inverse Higgs constraint. There is also a version of the action in
which there is no explicit dependence on the unphysical Goldstone without
the need to impose equations of motion or inverse Higgs constraints, showing
that the unphysical Goldstone bosons are gauge degrees of freedom.
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2.1 Relativistic particle in two-dimensions
The first example is that of a a massive relativistic particle moving in a two-
dimensional spacetime with coordinates (t, x), following the detailed treat-
ment in [10] (see also [12]). The two-dimensional Poincare´ algebra has gener-
ators P0, P1, andM (respectively generators of temporal translations, spatial
translations and boosts) satisfying the algebra
[M,P0] = −i P1, [M,P1] = −i P0, [P0, P1] = 0.
Embedding the worldline of the particle, parameterized by proper time τ,
into the two-dimensional spacetime results in Goldstone bosons associated
with broken spacetime translations transverse to the worldline and broken
boost symmetry2. Using standard techniques for theories with nonlinearly
realized spacetime symmetries [5, 6], the group is parameterized in the form3
g = eit(τ)P0+ix(τ)P1 eiω(τ)M , (2)
where τ is the proper time parameterizing the worldline of the particle4. One
finds
E0P0 + E
1P1 + ΦM
= −i g−1dg (3)
= (dt coshω − dx sinhω)P0 + (dx coshω − dt sinhω)P1 + dωM,
where τ dependence of t, x and ω has been suppressed. The constraint
E1 = 0 allows the Goldstone field ω to be eliminated algebraically,
ω = arctanh
dx
dτ
(
dt
dτ
)
−1
. (4)
2The existence of a Goldstone field associated with the generator M of boosts is based
on the approach in which a p-brane embedded in D-dimensional flat spacetime is consid-
ered to break the group ISO(D − 1, 1) to SO(p, 1) × SO(D − p − 1), and so there are
Goldstone bosons associated with broken Lorentz generators as well as the broken space-
time translations in directions transverse to the worldvolume [8, 11, 12]. The Goldstone
bosons associated with unbroken space-time translations can be eliminated by a choice of
gauge associated with worldvolume diffeomorphism invariance.
3The isotropy group H is trivial in this case.
4In [10], static gauge is adopted, so that t = τ.
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A natural reparameterization invariant action results from the integral of the
1 + 0 dimensional einbein E0,
S0 = −m
∫
E0 = −m
∫
dτ (
dt
dτ
coshω − dx
dτ
sinhω) (5)
and eliminating ω via (4) yields the usual massive relativistic point particle
action
S1 = −m
∫
dτ
√√√√( dt
dτ
)2
−
(
dx
dτ
)2
. (6)
Alternatively, starting with the action in (5), the equation of motion for ω
turns out to be equivalent to the constraint E1 = 0, and so eliminating ω
from the action (5) via its equation of motion also yields (6).
In relation to this construction, the first observation is that the elimina-
tion of the Goldstone field ω algebraically via the inverse Higgs constraint
E1 = 0 is critically dependent on the parametrization (2). To see this, con-
sider the alternative parametrization
g = ei(tP0+xP1+ωM). (7)
In this case, one establishes that
E0 = dt+
(coshω − 1)
ω2
(x dω − ω dx) + (sinhω − ω)
ω2
(t dω − ω dt),
E1 = dx+
(coshω − 1)
ω2
(t dω − ω dt) + (sinhω − ω)
ω2
(x dω − ω dx), (8)
Φ = dω.
It is now much more complicated to eliminate ω algebraically via an inverse
Higgs constraint due to the dω dependence of all the Cartan forms - com-
plicated linear combinations of the Cartan forms must be taken to eliminate
dω. In cases where there is a nontrivial isotropy group, the different Cartan
forms will in general transform according to different representations of the
isotropy group, and so it does not even make sense to take linear combina-
tions of the Cartan forms if covariance of the theory under the action of the
isotropy group is to be preserved.
The second observation is that in the case of the parametrization (2),
the ω dependence appears in the form of a right action, which is the same
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form as the local action of the isotropy group on representatives of a coset.
This suggests that the reason ω can be eliminated as a physical degree of
freedom is that it is a degree of freedom related to a generator of an enlarged
isotropy group rather than a broken degree of freedom. If this is the case,
there should be a version of the action in which the ω dependence of the
action disappears without the need for imposition of a constraint or use of
the equations of motion. And this is indeed so, since the action
S2 = −m
∫ √
E0 ⊗ E0 − E1 ⊗ E1, (9)
with E0 and E1 given by (4), is independent of ω (using cosh2 ω−sinh2 ω = 1)
and equal to the action S1 in (6). The action S2 is none other than the Nambu
action for a p-brane in the case p = 0, using the pullback of the flat metric
on two-dimensional spacetime to the worldline of the particle, a formulation
in which SO(1, 1) symmetry is linearly realized so that there is no need for a
Goldstone boson associated with the breaking of boost symmetry. Invariance
of the Nambu action under worldline diffeomorphisms ensures that there is
only one physical Goldstone degree of freedom amongst t(τ) and x(τ), in
that t(τ) can be eliminated by a gauge choice [9]. Explicitly imposing the
constraint E1 = 0 also reduces the action S2 to S0 in (5).
The third observation we make relates to the fact that elimination of
ω from S0 in (5) via the inverse Higgs constraint E
1 = 0 yields an action
equivalent to that obtained by elimination of ω from S0 via its equation of
motion. Using
δ(g−1dg) = dv + [ g−1dg, v ] (10)
with v = g−1δg, it follows from the parametrization (2) that under a variation
of ω,
v = i δωM.
Comparing (4) with (10), we find that under a variation of ω,
δE0 = − δω E1. (11)
Since S0 is constructed from E
0, δS0
δω
= 0 implies via (11) that E1 = 0, which is
the inverse Higgs constraint. This is therefore the reason for the equivalence
of the imposition of the inverse Higgs constraint and the elimination of ω
via its equations of motion. Again, this result is explicitly dependent on
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the parametrization (2), and if ω is interpreted as parametrizing a degree
of freedom in an enlarged isotropy (or gauge) group, it is a reflection of the
fact that the action will contain only physical degrees of freedom and be
independent of the gauge degrees of freedom associated with the isotropy
group.
The more general case of the Nambu part of the action for p-branes em-
bedded into D-dimensional Minkowski spacetime is a relatively straightfor-
ward extension of this p = 0, D = 2 example, and the three features identified
above are replicated for general p and D. The coset parameterization is of
the form
g = ei(x
µPµ+ξi
′
Ti′ ) eiξ
αTα,
where the Pu generate worldvolume translations and (in physical gauge) the
xµ are worldvolume coordinates, the ξi
′
are Goldstone bosons associated with
the D − p − 1 broken translational symmetries transverse to the embedded
p-brane, H = SO(p, 1)×SO(D−p−1), and the Tα are the generators of the
spacetime Lorentz group SO(D − 1, 1) not contained in H. The Goldstone
bosons ξα associated with the broken Lorentz generators Tα are unphysical
and can either be eliminated via their equations of motion or via the imposi-
tion of an inverse Higgs constraint, as in the example above. In this approach,
the action is a worldvolume integral of the determinant of the vielbein ob-
tained from the Cartan form, and elimination of the unphysical Goldstone
bosons is required in order to obtain the manifestly SO(D − 1, 1) invari-
ant Nambu action. The Goldstone bosons associated with the generators of
space-time translations in the p-brane world volume can be eliminated by
going to physical gauge (they are gauge degrees of freedom associated with
worldvolume diffeomorphism invariance). A physical discussion of reason
why the Goldstone bosons ξα are unphysical in this case is contained in [13].
As already noted in the introduction, these three features are characteris-
tics of two other general classes of theory with broken spacetime symmetries
for which actions are constructed via imposition of inverse Higgs constraints:
(i) p-branes embedded in Minkowski space, flat superspace, and AdS spaces;
and (ii) conformally invariant dilaton actions in arbitrary spacetime dimen-
sions. Below we present additional simple well-known 1 + 0 dimensional
examples of each of these cases explicitly demonstrating the equivalence of
the inverse Higgs effect to the equations of motion for an unphysical Gold-
stone boson, and also the existence of a formulation for the action in which
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dependence on the unphysical Goldstone boson drops out without any need
to invoke an equation of motion or the inverse Higgs effect.
2.2 Superparticle in two-dimensional superspace
Here we consider a superparticle moving in two-dimensional flat superspace.
The corresponding super-Poincare´ algebra is
[M,P0] = −iP1, [M,P1] = −iP0
[M,Q1] = −iQ2, [M,Q2] = −iQ1
{Q1, Q1} = {Q2, Q2} = −P0 (12)
{Q1, Q2} = −P1.
The embedding of the worldline of the superparticle, parameterized by proper
time τ, into the spacetime is parameterized in the form
g(τ) = eix
µ(τ)Pµ+iθα(τ)Qα eiω(τ)M .
The corresponding Cartan form is
g(τ)−1dg(τ) = i (Eµ(τ)Pµ + Eα(τ)Qα + Ω(τ)M) ,
where
E0 = π0 coshω − π1 sinhω, E1 = π1 coshω − π0 sinhω
E1 = dθ1 coshω − dθ2 sinhω, E2 = dθ2 coshω − dθ1 sinhω (13)
Ω = dω, (14)
with
πµ = dxµ − i
2
θσµdθ
and with σ0 = 12 and σ
1 the usual Pauli spin matrix. A natural candidate
for a worldline reparameterization invariant action again involves the einbein
E0 :
S =
∫
E0 =
∫
dτ
(
π0(τ) coshω(τ)− π1(τ) sinhω(τ)
)
.
Elimination of ω(τ) via its equations of motion is equivalent to the inverse
Higgs constraint E1 = 0 since again δE
0
δω
= −E1, and the resulting action is
the Nambu action
S =
∫
dτ
√
(π0τ )
2 − (π1τ )2.
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If instead we start with the Nambu action, explicit dependence of this action
on ω cancels out without the need to impose equations of motion or an inverse
Higgs constraint.
2.3 Dilatons in one dimension
The next example involves a conformally invariant dilaton action associated
with spontaneous breaking of the conformal group SO(1, 2) of 1 + 0 dimen-
sional spacetime [19, 23, 24]. In the standard or “conformal” basis [23], the
Lie algebra of SO(1, 2) is
[D,P ] = −i P, [D,K] = iK
[P,K] = 2iD. (15)
The coset is parameterized as
g = eitP eiu(t)D eiλ(t)K
where t is the time coordinate and u is the dilaton associated with sponta-
neously broken conformal symmetry. The Cartan form is
g−1dg = i(ωPP + ωDD + ωKK)
with
ωP = e
−udt, ωD = du− 2e−uλdt
ωK = dλ− λdu+ e−uλ2dt. (16)
This case differs from the two so far considered in that an action con-
structed from the einbein ωP has no dynamics. Instead, a nontrivial confor-
mally invariant action for the dilaton degree of freedom is
S = −
∫
ωK .
Eliminating λ by its equation of motion is equivalent to imposing the inverse
Higgs constraint ωD = 0, as
δωK
δλ
= −ωD, and the action becomes
S =
1
4
∫
dt eu u˙2.
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This action can also be written in the form
S = −
∫
(ωK − 1
4
ωD
2
ωP
),
in which explicit dependence on the unphysical Goldstone boson λ drops
out without the need for equations of motion or an inverse Higgs constraint.
This formulation of the action, which will be extended to higher dimensional
conformally invariant dilaton actions in section 5, is related to work by Volkov
[5]. Division by ωP , which only makes sense in this one-dimensional case,
is not required in higher dimensions. Also note that the action is not of
“Nambu-type,” as it does not obviously involve the pullback to a worldline
of a metric in a higher dimensional space.
As shown in [23, 22, 24], conformally invariant dilaton actions in D di-
mensional Minkowski space can be related to the static gauge action for a
(D − 1)-brane embedded in AdSD+1 [32]. In terms of nonlinear realizations,
this requires a transition from the standard basis for the conformal group
SO(D, 2) to the “AdS” basis. In the case of D = 1, the conformal group is
SO(1, 2), and the generators in the “AdS” basis are related to the standard
basis by
Kˆ = mK − 1
m
P, Dˆ = mD.
The Lie algebra in the AdS basis takes the form
[Dˆ, P ] = −imP, [Dˆ, Kˆ] = 2i P + imKˆ
[P, Kˆ] = 2 iDˆ. (17)
The coset parameterization is
g = eitP eiφ(t)Dˆ eiΩ(t)Kˆ ,
where t is the worldline coordinate in static gauge. The corresponding Cartan
form is
g−1dg = i (ωˆPP + ωˆDDˆ + ωˆKKˆ).
With Λ = tanhΩ,
ωˆP =
1 + Λ2
1− Λ2 e
−mφdt− 2Λ
1− Λ2dφ
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ωˆK =
dΛ
1− Λ2 +
mΛ
1− Λ2 (Λe
−mφdt− dφ)
ωˆD =
1 + Λ2
1− Λ2dφ−
2Λ
1− Λ2 e
−mφdt (18)
In this case, the action formed by integrating the einbein ωˆP is nontrivial,
S = −
∫
ωˆP =
∫
dt
(
2Λ
1− Λ2∂tφ−
1 + Λ2
1− Λ2 e
−mφ
)
.
The Goldstone field Λ appears without derivatives and can be eliminated via
its equation of motion, which is equivalent to the inverse Higgs constraint
ωˆD = 0 via
δωˆP
δΛ
= − 2
1− Λ2 ωˆD.
This allows Λ to be expressed in the form
Λ =
emφ∂tφ
1∓
√
1− e2mφ(∂yφ)2
,
yielding the action
S = ±
∫
dt e−mφ
√
1− e2mφ(∂yφ)2.
Once again, this action can be expressed in a form in which explicit depen-
dence on Λ drops out without the need to invoke an inverse Higgs constraint
or impose equations of motion, namely
S = ±
∫
dt
√
ωˆP 2 − ωˆD2.
This is a Nambu-like action, in that it is related to the SO(1, 2) invariant
metric on AdS2 [23, 25]
ds2 = −ωˆ2P + ωˆ2D.
Again, this construction generalizes to higher D, whilst still retaining the
features highlighted in the D = 1 case above.
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3 Inverse Higgs constraints and coset
parametrization
In this section, we show in a general context that the choice of coset param-
eterization plays a role in the ability to implement a consistent inverse Higgs
constraint, which is the first observation related to the example considered
in section 2.
Suppose that the group G is broken to the subgroup H, and that the
broken generators {TI} fall into two subsets, {Ti} and {Tα}, each subset
transforming as a representation of the subgroup H . If we wish to have
the potential to establish algebraic relations expressing the Goldstone fields
ξα associated with the generators Tα in terms of derivatives of the ξ
i via
an inverse Higgs constraint, then the ξα must appear without derivatives
in some subset of the Cartan forms {Ei, Eα}. Since the forms Eα contain
i dξα Tα, any inverse Higgs constraint must involve setting the vielbeins E
i
(or some subset of them if the Ei transform reducibly under the action of
the isotropy group H) to zero. We do not address at this point the issue of
the conditions under which the constraints can be solved to express the ξα
in terms of derivatives of the ξi.
If we adopt the parametrization
g = eiξ
iTi eiξ
αTα (19)
for G/H , then
i(Ei Ti + E
α Tα + ω
a Ta) = g
−1dg
= e−iξ
αTα
(
e−iξ
iTi deiξ
jTj
)
eiξ
βTβ
+ e−iξ
αTα deiξ
βTβ . (20)
It is clear that all dependence on derivatives of ξα arises from the second
term on the right hand side of (20). Using
e−iξ
αTα d eiξ
βTβ
= e−iξ
αTα
∫ 1
0
ds ei(1−s)ξ
βTβ i dξγ Tγ e
isξδTδ
= i
∞∑
n=0
(−i)n
(n+ 1)!
ad(n)(ξβTβ) (dξ
αTα), (21)
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it follows that there can be no dξα dependence in Ei at order n = 1 if the
commutator [Tβ , Tγ] has no Ti dependence i.e. fβγ
i = 0. Indeed, it is clear
from the right hand side of (21) that the absence of contributions proportional
to dξα in Ei to all orders in n requires that the set of generators {Tα, Ta} close
upon themselves under commutation i.e. that {Tα, Ta} generate a subgroup
of G. Given that the Tα transform as a representation of the subgroup H,
this is equivalent to the requirement that fαβ
i = 0.
The requirement that {Tα, Ta} generate a subgroup of G allows for the
possibility of enlargement of the isotropy group from H to this subgroup, in
which case the ξα are gauge degrees of freedom corresponding to the genera-
tors Tα of the enlarged isotropy group. As a result, there is a formulation for
the action in which dependence on the unphysical Goldstone fields ξα drops
out without the need to impose any constraints or equations of motion. This
is indeed what occurs in all of the cases presented in section 2 , in both
the one-dimensional examples presented there and their higher dimensional
generalizations, as will be discussed in detail later in this section. The pa-
rameterization (19) is then self-consistent, in that the factor eiξ
αTα takes the
form of a right action of an element of the enlarged isotropy group on the
coset representative g(ξ) = eiξ
iTi , and the field ξα is a gauge degree of free-
dom. Any constraint we impose by setting some of the Cartan forms to zero
can be considered to be a (field dependent) gauge choice in this circumstance.
On the other hand, if we adopt the parametrization
g = ei(ξ
iTi+ξαTα)
of the coset G/H, then
i(Ei Ti + E
α Tα + ω
a Ta)
= g−1dg
= g−1
∫ 1
0
ds ei(1−s)(ξ
jTj+ξ
βTβ)
(
i dξiTi + i dξ
αTα
)
eis(ξ
kTk+ξ
γTγ)
= i
∞∑
n=0
(−i)n
(n+ 1)!
ad(n)
(
ξjTj + ξ
βTβ
) (
dξiTi + dξ
αTα
)
= i
∞∑
n=0
(−i)n
(n+ 1)!
ad(n)
(
ξjTj + ξ
βTβ
) (
dξiTi
)
+ i
∞∑
n=0
(−i)n
(n + 1)!
ad(n)
(
ξjTj + ξ
βTβ
)
(dξαTα) . (22)
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To order n = 1,
Ei = dξi +
1
2
ξjdξk fjk
i +
1
2
(ξjdξβ − ξβdξj) fjβi + 1
2
ξβdξγfβγ
i + · · · .
Already at this order, absence of derivatives of ξα in Ei requires
fjβ
i = 0, fβγ
i = 0. (23)
Alternatively, if the Ei transform reducibly under H, an inverse Higgs con-
straint can involve setting some subset Ei
′
of the vielbeine to zero (as is the
case in the example in the previous section), in which case we require the
less restrictive constraints
fjβ
i′ = 0, fβγ
i = 0. (24)
Either way, it no longer suffices to simply impose the requirement at the
{Tα, Ta} close as an algebra, showing that the choice of parameterization
(19) for G/H is important if we wish to have the potential to use an inverse
Higgs constraint to eliminate the fields ξα. Note that in [13], the authors
state that the number of physical Goldstone modes should be independent
of the parameterization of the coset. However, the above analysis shows that
a specific choice of parameterization is required to invoke the inverse Higgs
mechanism.
To conclude this section, we come back to the consistency requirement
that broken generators {Tα} associated with the unphysical Goldstone bosons
close with the original isotropy group generated by the {Ta} to generate a
subgroup of G which can be interpreted as an enlarged isotropy group. We
show that this requirement is fulfilled in the higher dimensional generalization
of all of the examples discussed in section 2. In the case of p-branes embedded
in D-dimensional Minkowski space or flat superspace, the original isotropy
group is H = SO(p, 1)×SO(D−p−1), with the remaining generators of the
D-dimensional Lorentz group being broken by the embedding and associated
with the unphysical Goldstone bosons. It is clear that these broken generators
combine with those of H to generate SO(D − 1, 1), which is the enlarged
isotropy group associated with the Nambu form of the action.
For conformally invariant dilaton actions in D-dimensional Minkowski
space, the original isotropy group is the D-dimensional Lorentz subgroup
H = SO(D − 1, 1) of the D-dimensional conformal group SO(D, 2). The
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generators associated with the unphysical Goldstone bosons are the genera-
tors Kµ of the special conformal transformations. It is clear that the Kµ can
be appended to the generators Mµν of the Lorentz group to form an enlarged
isotropy group, since they commute with each other and transform according
to the vector representation of the Lorentz group5,
[Mµν , Kρ] =
1
2
ηµρKν − 1
2
ηνρKµ.
For the closely related case of p-branes embedded in AdSD, the isotropy
group is still the Lorentz subgroup SO(D− 1, 1) of SO(D, 2), but the gener-
ators associated with the unphysical Goldstone bosons are the “AdS basis”
generators6
Kˆµ = mKµ − 1
2m
Pµ.
Again these close with the Mµν generators of the Lorentz group to form an
enlarged isotropy group due to the fact that the Kˆm transform in the vector
representation of the Lorentz group and satisfy the commutation relations
[Kˆµ, Kˆν ] = −4Mµν .
4 Equivalence of the inverse Higgs constraint
to equations of motion
In this section, we consider the issue of equivalence between elimination of
a Goldstone boson using an inverse Higgs constraint and elimination of the
same field via its equations of motion. We are unable to carry out a com-
pletely general analysis as there does not appear to be a general form for the
action in all such theories, as will be discussed in the next section.
However, for a wide class of examples, namely the Nambu part7 of the
action for p-branes embedded in Minkowski spaces, flat superspaces, and AdS
spaces, it is possible to prove the equivalence in general, because the action
in all of these cases has the same form. The action is the determinant of
5See section 5 for the full algebra of the conformal group.
6See section 5 for details.
7The Wess-Zumino term in the action does not contain the unphysical Goldstone
bosons.
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a vielbein defined on the worldvolume of the p-brane from the Cartan form
derived via the method of nonlinear realizations as applied to spacetime
symmetries [5, 6]. This first, second and fourth examples in section 2 are the
simplest cases of these actions.
The rest of this section is concerned with the proof of the equivalence of
the inverse Higgs constraint and the equations of motion for the unphysical
Goldstone bosons for this class of actions. We treat the case of conformally
invariant dilaton actions separately in the next section, as the action takes a
different form.
In all of the cases discussed in section 2 in which the worldvolume La-
grangian is the determinant of a vielbein on the worldvolume pulled back
from the Cartan form for the nonlinearly realized symmetry, the coset pa-
rameterization is of the form (25).
g = ei(x
µPµ+ξi
′
Ti′ ) eiξ
αTα. (25)
Here, xµ are coordinates on the brane in static gauge, the ξi
′
are physical
Goldstone bosons associated with broken generators of translations trans-
verse to the worldvolume or dilatations, and the ξα are unphysical Goldstone
bosons associated with broken Lorentz transformations or special conformal
translations. The Cartan form is
g−1dg = i(EµPµ + ω
i′Ti′ + ω
αTα),
and the action is constructed from the vielbein Eµ = dxν Eν
µ as
S =
∫
d p+1x detEν
µ ≡
∫
d p+1xE. (26)
This is invariant under the action of the isotropy group H, as the vielbein
transforms linearly under the action of this group.
We need to examine the structure of the equations of motion that result
by varying with respect to the unphysical Goldstone bosons ξα. The variation
of the action is
δS =
∫
d p+1xE (E−1)µ
νδEν
µ. (27)
The variation of the vielbein follows from the variation of the Cartan form,
which is
δ(g−1dg) = dv + [g−1dg, v] (28)
17
with
v = g−1δg
= e−iξ
βTβδeiξ
αTα
= i δξαTα + · · · . (29)
The higher order terms involve commutators of the Tα with themselves, and
so closure of {Tα, Ta} as a subalgebra implies that v contains only terms
proportional to Tα and Ta. We can write
v = i δξαA(ξ)α
B TB,
where the TA denotes the generators of the enlarged isotropy group, Tα and
Ta. As a result, the dv piece in (28) does not contribute to δE
µ, which is
determined by the Tµ component of
[g−1dg, v] = i [EµTµ + E
i′Ti′ + E
αTα + Φ
aTa, v].
Again using the closure of {Tα, Ta} as a subalgebra, only [EµTµ + Ei′Ti′, v]
can potentially contribute to δEµ :
δEµ = i Eν δξαA(ξ)α
B fνB
µ + i Ei
′
δξαA(ξ)α
B fi′B
µ.
Using Eµ = dxνEν
µ,
(E−1)µ
ρ δEρ
µ = i δξαA(ξ)α
B fµB
µ + i (E−1)µ
ρEρ
i′ δξαA(ξ)α
B fi′B
µ.
Therefore, providing fµB
µ is zero, the equation of motion is equivalent to the
imposition of the inverse Higgs constraint Ei
′
= 0, as the right hand side
is proportional to Eρ
i′. The condition that fµB
µ vanishes is the requirement
that the matrices representing the action of the TB on the Pµ under the
adjoint action are traceless, which is true for the case of p-branes, as the TA
generate the spacetime Lorentz group.
Another case, exemplified in the next section, is that in which the covari-
ant action includes the components Eα of the Cartan form, thereby intro-
ducing covariant derivatives of the ξα.
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5 Conformally invariant dilaton actions
In this section, we consider construction of conformally invariant dilaton
actions using the inverse Higgs effect, corresponding to a nonlinear realization
of the conformal group. This case differs in several respects from construction
of brane actions in terms of Cartan forms, as will be pointed out below. We
adopt the conventions8 used in [22, 24].
The conformal group SO(D, 2) of D-dimensional Minkowski space has
the algebra
[Mµν ,M
ρσ] =
1
2
δµ
ρMν
σ − 1
2
δν
ρMµ
σ − 1
2
δµ
σMν
ρ +
1
2
δν
σMµ
ρ
[Mµν , Pρ] =
1
2
ηµρPν − 1
2
ηνρPµ
[Mµν , Kρ] =
1
2
ηµρKν − 1
2
ηνρKµ
[Pµ, Kν] = 2(−ηµνD + 2Mµν)
[D,Pµ] = Pµ
[D,Kµ] = −Kµ, (30)
where ηµν = diag(+,−, · · · ,−). The standard nonlinear realization of the
conformal group [15, 16, 17, 18] involves choosing the Lorentz group SO(D−
1, 1) of Minkowski space as the stability group, and parameterization of the
coset in the form
g = ex
µPµ eϕD eΩ
νKν . (31)
The Cartan forms are computed to be [22, 24]
g−1dg = i(ωµPPµ + ωDD + ω
µ
KKµ + ω
µν
MMµν) (32)
with
ωµP = e
−ϕ dxµ
ωD = dϕ− 2e−ϕΩµdxµ
ωµK = dΩ
µ − Ωµdϕ+ e−ϕΩν(2dxνΩµ − Ωνdxµ)
ωµνM = −2e−ϕ(Ωµdxν − Ωνdxµ). (33)
8Note that the normalization of the generators in this section differs from that in section
2 by a factor of i.
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The inverse Higgs constraint ωD = 0 allows the Goldstone field Ωµ to be
eliminated via
Ωµ =
1
2
eϕ ∂µϕ.
A covariant action is constructed in the form
S =
∫
ddx e−dϕDµΩµ
=
∫
ddx e−(d−1)ϕ
(
∂µΩ
µ − Ωµ∂µϕ− (d− 2)ǫ−ϕΩµΩµ
)
(34)
where ωµK = ω
ν
P DνΩµ. Eliminating Ωµ via the inverse Higgs constraint yields
S =
1
4
(d− 2)
∫
ddx e−(d−2)ϕ ∂µϕ∂µϕ.
This same action can also be obtained by eliminating Ωµ from (34) via its
equations of motion.
In order to investigate the equivalence of the inverse Higgs constraint and
the equations of motion, it is convenient to note that the action (34) can be
written in the form
S0 =
1
(d− 1)!
∫
ǫµ0···µd−1 ω
µ0
K ∧ ωµ1P ∧ · · · ∧ ωµd−1P . (35)
The appearance of ωµK in the construction of this action places it in a different
class to the p-brane actions, which involve only Cartan forms associated with
generators of spacetime translations (i.e. the analogue of
∫
ǫµ0···µd−1 ω
µ0
P ∧· · ·∧
ω
µd−1
P ). If we vary Ω
µ,
δS0 =
1
(d− 1)!
∫
ǫµ0···µd−1 δω
µ0
K ∧ ωµ1P ∧ · · · ∧ ωµd−1P
+
∫
ǫµ0···µd−1 ω
µ0
K ∧ δωµ1P ∧ · · · ∧ ωµd−1P . (36)
Using (28), one computes
δωµP = 0
δωD = −2 δΩµ ωµP
δωµK = d(δΩ
µ)− δΩµ ωD + δΩν ωMνµ
≡ DδΩµ − δΩµ ωD
δωµνM = − δΩµ ωνP + δΩν ωµP , (37)
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where D is the covariant derivative defined by the connection form ωMν
µ.
This yields
δS0 =
1
(d− 1)!
∫
ǫµ0···µd−1 (D δΩ
µ0 − δΩµ0 ωD) ∧ ωµ1P ∧ · · · ∧ ωµd−1P . (38)
Integrating by parts and using DωµP ≡ dωµP − ωνP ∧ ωMνµ = −ωD ∧ ωµP ,
δS0 =
(d− 2)
(d− 1)!
∫
ǫµ0···µd−1 δΩ
µ0 ωD ∧ ωµ1P ∧ · · · ∧ ωµd−1P , (39)
thus establishing that the inverse Higgs constraint ωD = 0 is equivalent to
the equation of motion δS0
δΩµ
= 0.
If it is possible to find another combination of Cartan forms whose vari-
ation exactly cancels that in (39), then we can formulate an action that is
manifestly independent of Ωµ (this is a little reminiscent of anomaly can-
cellation by addition of a counterterm). This would be consistent with an
enlargement of the isotropy group to include the generators Kµ, since the
generators {Kµ,Mνρ} form a closed algebra. Using the fact that ωD defines
a covariant derivative of the Goldstone field ϕ via ωD = ω
ν
P Dνϕ, we can
write
δS0 =
(d− 2)
d!
∫
δΩν (Dνϕ) ǫµ0···µd−1 ωµ0P ∧ · · · ∧ ωµd−1P
= −1
4
(d− 2)
d!
δ
∫
(DνϕDνϕ) ǫµ0···µd−1 ωµ0P ∧ · · · ∧ ωµd−1P , (40)
where we have used δωD = −2 δΩµ ωµP and δωµP = 0. Defining
S1 =
1
4
(d− 2)
d!
∫
(DνϕDνϕ) ǫµ0···µd−1 ωµ0P ∧ · · · ∧ ωµd−1P ,
the action S0 + S1 has no manifest Ωµ dependence, as can easily be checked
by explicit calculation. If the ωµP are taken to be vielbeins for a conformally
flat metric e−2ϕηµν ,
∗ωD = 1
(d− 1)! ǫµ0···µd−1 (D
µ0ϕ)ωµ1P ∧ · · · ∧ ωµd−1P ,
and the action S1 can be expressed in the compact form
S1 =
(d− 2)
4
∫
ωD ∧ ∗ωD.
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Note that the action S0 + S1 is not of “Nambu” form, in that it contains
two separate pieces, which also places the dilaton actions in a different class
to brane actions in terms of their construction via Cartan forms. Related
actions have been considered by Volkov [5].
6 Conclusion
In this paper, we have explored the reasons underlying the frequently ob-
served phenomenon whereby elimination of nonphysical Goldstone bosons
via their equations of motion is equivalent to an inverse Higgs constraint.
The inverse Higgs constraint is related to a particular choice for coset pa-
rameterization in which the unphysical Goldstone bosons appear in the form
of a right action on the coset representative, suggestive of the fact that it
may be associated with a gauge degree of freedom via an enlargement of the
isotropy group. The existence of versions of the action in which symmetry
under the enlarged isotropy group is manifest and therefore the nonphys-
ical Goldstone bosons make no explicit appearance is consistent with this
interpretation.
The analysis in this paper applies only in cases where actions are con-
structed from the Cartan form. There is no known systematic procedure for
construction of actions with partially broken global supersymmetry from the
Cartan form, although such actions are frequently constructed by invoking
an inverse Higgs constraint to eliminate unphysical Goldstone bosons. It
would be of interest to understand whether the unphysical Goldstone bosons
in this case can also be related to an enlargement of the isotropy group.
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